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Motivation

o Various scientific phenomena can be described by PDEs

Classically, numerical methods are used to approximate solution operators

Classical numerical methods can be computationally prohibitively expensive

Replace classical computationally intensive algorithms with fast, robust data-driven surrogate
models, which enables their use in time-critical applications
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Operator learning in a nutshell

U:H — K operator between infinite-dimensional spaces (e.g. solution operators of PDEs)

Goal: build an approximation U* ~ U from input-output pairs

{ui,U(ui)}ita

How: construct a neural operator Up: H — K as a sequence of layers
U@ZULOULflo...OUl, 96@,

and minimize
w YU (i) - Us (i) i
=1

as in classical NNs, a neural operator is defined layer-wise

...but novelty: layers are defined as operators between infinite-dimensional spaces
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Example: Fourier neural operators

o state of the art for learning solution operators of PDEs
e layer of Fourier neural operators [Li et al., ICLR 2021]:

U=c(F (ReoF)), £=1,...,L,

@/O” =00

e how are FNOs implemented?
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The problem

e In practice, we have only access to discrete representations of functions (e.g. grid values)...

NOs are models
defined layer-wise as
operators between function
spaces...

...but in practice NOs must be
realized by discrete operations
ug = Ug

Can we compromise the
underlying model Uy
as we discretize?

e Loose discretizations uy ~ Uy can lead to mismatches between continuous models and their
implemented discretizations, compromising the underlying model Uy
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FNOs in practice: activation & aliasing

o in practice, all computations done discretely: u; = o(F~'(Ry © F))

o functions sampled on a grid: {f(nT)}nez
e DFT instead of Fourier transform
o activations computed on unchanged grid: {o(f(nT))}nez

?(2) —Z— *(2)
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FNOs in practice: activation & aliasing

« in practice, all computations done discretely: u, = o(F~'(Ry © F))

o functions sampled on a grid: {f(nT)}nez
e DFT instead of Fourier transform
o activations computed on unchanged grid: {o(f(nT))}nez

aliasing
—_—
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e activation functions increase bandwidth

e U, and its discretization u, are inconsistent

T U D e Ift Delft Institute of Applied Mathematics
TU Delit

September 4 2025

7/20



Consequences

e possible discrepancy between continuous and discrete levels

H—K
e T\’\ /7 K\
? ? ? ?
\ \
X // X //

H 2 K

e instead: enforce a continuous-discrete equivalence at any resolution

e can sampling/frame theory be leveraged to define a new class of neural operators?
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Excursion to sampling theory...

Ba = {f e L*(R):suppf ¢ [-2,0]}
o WSK sampling theorem: f =3, ., f(25) sinc(2Q2--n)

U = {¢p(x) =sinc(2Qz — n) }nez

synthesis operator: Ty:0*(Z) - Ba, To({cn}nez) = ez Cnthn
analysis operator: Tg:Bo » £*(Z), Tgf = {(f,¥n)}nez = {f (35)},>
WSK sampling theorem: f =TyTg f

Ba L} Ba
7 N
Ty, Ty
\ /

2) —— £@)
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Excursion to sampling theory...

o U= {t,(z)=sinc(2Q(z - nT))}nez, 1/T < 2Q

e synthesis operator: Ty:£>(Z) » Ba, To({cn}nez) = Ynez Cnthn

e analysis operator: T:Bo — (2(Z), Tif = {{f,¥n)}tnez = {f(nT))}nez
o TyTif =Pmyf, Mu=span{tn:neZ}

The diagram
BQ 1d BQ
7 N
Ty Ty
\ /

2(2) —4— 2(2)

no longer commutes
e aliasing error function for sampling f at the sampling rate 1/T°

e(f)=f-Pmuf
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Excursion to sampling theory...

The diagram
BQ Id BQ
7 N
Ty Ty
\ /

*(z) —4— 2(z)
no longer commutes
e aliasing error function for sampling f at the sampling rate 1/T

€(f) :ff,PM\pf

Signals in spatial domain

0.00 0.25 0.50 0.75 1.00
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Excursion to frame theory...

o U= {1}t
o synthesis operator: Ty:0*(I) = H, To({ci}icr) = Xer cithi
o analysis operator: Tj:H — £2(I), Tif={{f, i) }ies

H— 5y
Ve LN
Ty Ty
\ /

A1) —2 s 2D

7
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Excursion to frame theory...

W = {4 }se1 tight frame for the separable Hilbert space H
SILe” = AlFIP, VfeH

iel

synthesis operator: Ty:£2(1) = H, Ty({ci}ier) = Xier cithi
analysis operator: Tiy:H — £2(I), T f = {{f, %) }ier
e reconstruction formula: f = %quT‘;f = L i (fowde) Ui

H—1 5y

s LN
T&‘, Ty
\ /

21— 2(D)

choice of a frame = continuous-discrete equivalence between f and {(f, ¥:) }ier

e
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Excursion to frame theory...

o W = {¢;}icr tight frame sequence for H (tight frame for My := span,_, {1 })
o synthesis operator: Ty:£*(I) = H, To({ci}icr) = Xer cithi

o analysis operator: Tj:H — £2(I), Tif={{f, i) }ier

o Py f=5TuTqf =% (fibi) ¥

The diagram
H—L A
e DN
Ty Ty
\ /

(1) —4— (D)

no longer commutes
e aliasing error function for f w.r.t. the frame sequence ¥ = {v; }sc1

E(f) :f_PM\I/f
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Excursion to frame theory...

The diagram
Ho—ts N
e N
T} Ty
\ /

) —2 5 2
no longer commutes
e aliasing error function for f w.r.t. the frame sequence ¥ = {1); }iecr

E(f) :f_Pwa

¢ in the presence of aliasing, continuous and discrete levels are inconsistent
o if e(f) =0, we say: continuous-discrete equivalence between f and its frame coefficients
e we generalize this concepts to operators: aliasing error operator
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Framework for operators

e U:DomUcH—->K
U = {1)i }ier € H and ® = {¢x }rex € K tight frame sequences
w:RanTyg — RanTyg

H—— K
s N
T\; Ty
\ /

() —— A(K)

aliasing error operator of U w.r.t. the discretization u

e(U,u, ¥, ®)=U -TpouoTy

e(Uu,¥,0)=0=—=u=TgoUoTy
o c(U,u,U,®)=U—-Pprgy oUoPpy
e u=TgoUoTyg A(DomU c My A RanU c Mo) = e(U,u,¥,®) =0

7
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Representation-equivalent Neural Operators

Let’s go back to neural operators. .. build an approximation U* ~ U from input-output pairs
{us, U(u;) Y, with a neural operator Up: H — K

Ug=UpoUp-10...0Uj, f0eO.
For every layer Up: Hy — Hor1,0=1,...,L,
o discretize function spaces: choose frame sequences ¥, ¢ H,, Wy,1 € Her1 sSuch that
DomU, ¢ Mg, A RanU, ¢ Myg,,,

e construct an alias-free discretization u, of U, mapping frame coefficients to frame coefficients

U,
HZ £ —> H€+1
b AN
Tw, T‘;£+1
\ Y
(1) —— (1)

. E(Uz,uz,\llz, \I/ul) =0 Vv¢=1,...,L = 6(U9,U9) =0
o different choices of frames yield different alias-free discretizations
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Representation-equivalent Neural Operators
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Summary and outlook

o frame theory provides continuous-discrete equivalence and aliasing error for functions

we generalize this concepts to operators
o define new framework of ReNOs

Convolutional Neural Operators [Raoni¢ et al., 2023]
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Convolutional Neural Operator

e Convolutional Neural Operators [Raonic et al., 2023]
e Layers of a CNO are defined as

U=%40Ke, £=1,...,L

o Kp:Ba — Bgq convolution with discrete kernel fo,m:_k km,né(%,ﬁ)
e Xp:Ba - Ba, Y = Pag, oaopgﬁwith§> Q
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Thank you for your time!

o F. Bartolucci, E. de Bézenac, B. Raoni¢, R. Molinaro, S. Mishra, R. Alaifari, Representation
Equivalent Neural Operators: a Framework for Alias-free Operator Learning, NeurlPS 2023

e B. Raoni¢, R. Molinaro, T. De Ryck, T. Rohner, F. Bartolucci, R. Alaifari, S. Mishra, E. de Bézenac,
Convolutional Neural Operators for robust and accurate learning of PDEs, NeurlPS 2023
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